Abstract. Using the Chern-Simon formulation of (2+1) gravity, we derive, for the general asymptotic metrics given by the Fefferman-Graham-Lee theorems, the emergence of the Liouville mode associated to the boundary degrees of freedom of (2+1) dimensional anti de Sitter geometries.
Introduction
The interest of studying (2+1) dimensional gravity has initially been emphasized in [1] and has recently been revived with the discovery of black holes in spaces with negative cosmological constant [2] . Since then, a large number of studies has been devoted to the elucidation of classical as well as to quantum (2+1) gravity.
In particular, we examined [3] stellar-like models corresponding to stationary, rotationally symmetric gravitational sources of the perfect fluid type, embedded in spaces of arbitrary cosmological constant, and showed how causality privileges anti de Sitter (AdS) backgrounds. As this part of the talk has already been published, we will not re-describe it here.
On the other hand, (2 + 1) gravity with negative cosmological constant has been proven to be equivalent to Chern-Simons (CS) theory with SL(2, IR) × SL(2, IR) as gauge group [4] . Assuming the boundary of the space to be a flat cylinder IR × S 1 , Coussaert, Henneaux and van Driel (CHD) [5] demonstrated the equivalence between this CS theory and a non-chiral Wess-Zumino-Witten (WZW) theory [6] , and showed that the AdS 3 boundary conditions as defined in [7] implement the constraints that reduce the WZM model to the Liouville theory [8] .
In this short note, we show that, using the less restrictive AdS boundary conditions deduced from the Fefferman-Graham-Lee theorems [9, 10] , the CHD analysis can ULB-TH/99-29 be extended and leads to the Liouville theory formulated on a 2-dimensional curved background. A detailed version of this work will be found in [11] .
Asymptotically anti de Sitter spaces
Graham and Lee [9] proved that Euclidean Einstein spaces with negative cosmological constant Λ are completely defined by their geometry on the boundary, at least if this geometry is sufficiently close to the standard one. Furthermore, Fefferman and Graham [10] showed that, whatever the signature, there exists a formal asymptotic series expansion of the metric, which solves the Einstein equations with Λ < 0 in spaces of odd dimensions, but only asymptotically solves them in spaces of even dimensions. These series can be expressed in terms of even powers of a radial coordinate r:
which converge in a neighbourhood of the space boundary (r = ∞) if the asymptotic
g is analytic. It is instructive to look at the first iterations of this expansion to see the special character of 3 dimensions. We therefore write the metric in terms of forms Θ µ as ds
running from 0 to n [resp. 1 to n] and η ab a flat n-dimensional minkowskian metric diag.(1,..., 1, -1). The forms Θ µ read as:
where the forms θ a and σ a ≡ σ a b θ b are r-independent. These provide the dominant and sub-dominant terms of the metric expansion:
Here and in what follows, the n-dimensional indices and the covariant derivatives are defined with respect to the metric
g . Using these definitions, the components of the (n+1)-dimensional Riemann curvature 2-form R become:
where ω ab is the n-dimensional Levi-Civita connection and
R ab the n-dimensional curvature 2-form, both defined by the metric
g , and γ a ≡ (2) g ab θ b . If we impose the metric of the (n+1)-dimensional space to be Einsteinian, these equations, at order r 2 , fix Λ = −1/ℓ 2 . Moreover, at order 1 and r −1 , they yield:
where
Rab are the components of the n-dimensional Ricci tensor. These equations clearly reveal the pecularity of 3-dimensional spaces. Indeed, when n = 2, eq. (6) fully specifies the metric (2) g and eq. (7) becomes the Bianchi identity satisfied by the n-dimensional Einstein tensor. If we moreover require the space to be asymptotically AdS, the finite terms in eqs (4-5) have to vanish, thereby implying the n-dimensional geometry to be conformally flat.
On the contrary, when n = 2, only the trace of (2) g is fixed by eq. (6):
and the other components of (2) g have only to satisfy the equations:
The subdominant metric components are thus not all determined by the asymptotic metric in 3 dimensions, but there remains one degree of freedom, which we shall explicit in the next section. Note that in 3 dimensions Einstein spaces with Λ < 0 are locally AdS and metrics on cylindrical boundaries are conformally flat; this implies the equivalence between eqs (6,7) and the vanishing of the sub-dominant terms on the right-hand side of eqs (4,5).
From Einstein-Hilbert to Liouville action
The Eintein-Hilbert (EH) (2+1) gravity action with Λ < 0 is equivalent to the difference of two CS actions
The gauge fields A = A µ Θ µ = J µ A µ , with J µ generators of the sl(2, IR) algebra a , are given as functions of the 3-bein Θ µ and the Levi-Civita connection form Ω µν by:
. (11) a We use the conventions: J 0 = 
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In cylindrical coordinates {r, φ, t}, the CS action may be written as:
where M stands for bulk. The on-shell variation of this action is given by:
The asymptotic behaviour of the fields A andÃ, dictated by the AdS 3 boundary conditions, are easily expressed using the null frame θ ± = θ 1 ±θ 2 and its dual vectorial frame e ± = 1 2 ( e 1 ± e 2 ). Indeed, the null components A − andÃ + do not contain any degrees of freedom, i.e. they only depend on the metric (0) g and on its scalar curvature (see eq. 8). At order r −1 , they are equal to:
where we have introduced the null components of the connection 2-form ω
− . The other components:
, (16) depend on the dynamical part of (2) g , which is not fixed by (0) g . This implies that δA − = O(r −2 ) = δÃ + and A − δA + = O(r −1 ) =Ã + δÃ − . So, rewriting the variation of the action (14) in terms of null components yields:
with θ = θ
It is thus easy to see that, owing to the boundary conditions (15,16), the variation of the action S SC vanishes, without the addition of any extra boundary term. However, as the practical implementation of the boundary condition (16) is not obvious at this stage, we prefer to modify the action by the addition of the boundary term Furthermore, the time components A t andÃ t play the rôle of Lagrange multipliers and can be eliminated from the bulk action by solving the constraint equations F rφ = 0 andF rφ = 0 as
2 ∂ i Q 2 , with i = (r, φ). The asymptotic AdS 3 behaviour (2) implies that the SL(2, IR)/Z 2 group elements Q 1 and Q 2 asymptotically factorize into Q 1 (r, φ, t) = q 1 (φ, t)H(r) and Q 2 (r, φ, t) = q 2 (φ, t)H(r) −1 , with H(r) = diag.( r/ℓ, ℓ/r). On the other hand, the components A t andÃ t in the boundary action S B may be eliminated in terms of A φ ,Ã φ , K − andK + , using the boundary conditions (15), which can be re-expressed as:
These relations allow to write the complete action
where ∂ + and ∂ − are derivatives along the vectors e + and e − , q
1 q 2 , the fields q 1 or q 2 can be eliminated using their equations of motion, as they only appear in quadratic expressions of their derivatives with respect to the angular variable φ. The resulting action becomes a non-chiral WZW-like action containing only the field q:
Let us for a moment focus on the equations of q ′ 1 and q ′ 2 as functions of q: q
Using the Gauss decomposition q = e Φ/2 + XY e −Φ/2 Xe 
(∂ − + ω − )X + 1 2 σ + e Φ = 0 ,
determine X and Y as functions of Φ and combine to give:
This is the Liouville equation on curved background, the curvature being given by eq. (8) . The other equations yield relations between the energy-momentum tensor of the Liouville field T ab and the metric: (2) g ab = ℓ 
